We propose purely electric manipulation of spin qubits by means of the spin-orbit interaction (SOI) without magnetic field or magnets in a double quantum dot. All the unitary transformations can be constructed by the time-dependent Dzyaloshinsky-Moriya interaction between the two spins, which arises from the Rashba SOI modulated by electric field. As a few demonstrations, we study both analytically and numerically the three operations, i.e., (A) the spin initialization, (B) the two-spin rotation in the opposite directions, and (C) the twospin rotation in the same direction. The effects of the relaxation and the feasibility of this proposal are also discussed.
I. INTRODUCTION
Manipulation of spins in semiconductors is a subject of extensive studies both theoretically and experimentally. Especially, the possible application of the electron spins to the quantum computations attracts much attention, and the control of a single spin or two spins in quantum dot systems aiming at the qubit operations with large-scale integration is an important issue. Loss and DiVincenzo 1 proposed the implementation of the universal set of quantum gates by using the time-dependent exchange interaction and local magnetic field. It is known that the XOR and the single-spin operations are enough to construct any quantum computations. 2 The SWAP operation U SWAP and its square root U 1/2 SWAP can be realized by the exchange interaction with a certain period of time, and the quantum XOR gate by the combination of U 1/2 SWAP and the single-spin rotations induced by magnetic field or a ferromagnet. Another proposal is the electron spin resonance transistors in Si-Ge with the g-factor modulated by the electric field serving the possible qubit system. 3 Experimentally, the gate voltage can control electron spins of a double quantum dot, which contains initialization, manipulation, and read-out. 4 With the help of magnetic field, the singlet and one of the triplet form the two-level system, in which the SWAP operation and the singlet-triplet spin echo have been demonstrated. 4 However, it is desirable to control spins purely electrically since it is difficult to apply magnetic field confined in a nanoscale region. It was proposed to use the decoherencefree subspace, in which the exchange interaction alone is universal. 5 Soon later, it was proposed that a single qubit can be encoded by three spins, where only two in eight (= 2
3 ) quantum states are used. 6 In this proposal, the global magnetic field is inevitable in initialization.
In this paper, we propose fully electric manipulation of spins in a double quantum dot, in which magnetic field is not necessary at all even in initialization. Furthermore, in our method, two-bit operation is realized only by using a double quantum dot in contrast to the previous proposal. 6 We explicitly show the universal set of quantum gates can be constructed by the exchange and the Dzyaloshinsky-Moriya (DM) interactions. 7, 8 Most of the electric manipulation methods of spins employ the relativistic spin-orbit interaction (SOI), [9] [10] [11] [12] and it has been already demonstrated that the Rashba SOI can be controlled by the gate voltage in GaAs system. 13 The Rashba interaction is written as
with p, s being the momentum and spin of an electron, respectively, while E is electric field and λ is the Rashba coupling constant. In a double quantum dot, the Rashba SOI in the region between the two dots leads to the spin rotation associated with the transfer of the electron, i.e.,
where
is the creation operator of the electron at ith dot, t is the transfer integral, and e i θ· s/2 is the SU(2) matrix corresponding to the spin rotation around the axis θ e 12 × E with e 12 the unit vector connecting the sites 1 and 2. When spin 1/2 is localized at each dot, the transfer integral together with the Coulomb charging energy leads to the DM interaction [with D θ in Eq. (1)] as discussed in semiconductor nanostructures. 14, 15 Note that the DM interaction is the two-spin interaction, and it appears difficult to manipulate only a single spin with use of the DM interaction since the single-spin Hamiltonian necessarily breaks the time-reversal symmetry. In the ingenious method using the DM interaction and the spin anisotropy, the two-spin encoding scheme was adopted, i.e., two of four states in every nearest-neighboring pair of spins are used. 16 Also it is shown that the SOI together with only one component of magnetic field can manipulate a single-spin qubit. 9, 10 In contrast, we will show below that it is possible to construct the single-spin operations using the time-dependent DM interaction without any magnetic field or magnetic anisotropy.
II. PERTURBATION THEORY
Below we explicitly construct the unitary transformations from the exchange and DM interactions,
Here the exchange interaction J is assumed to be constant, and the DM vector D(t) to have three components, which breaks the overall axial symmetry. For the realization of this Hamiltonian, we propose the vertical double quantum dot schematically shown in Fig. 1 . With this configuration, four side gates attached to each dot make it possible to produce the Rashba SOI and to shift the centers of wave functions in the dots separately. The former leads to the DM interaction, and the latter is essential to make the z component of the DM interaction. 17 These two issues are both determined by the spatial symmetry, i.e. the original C 4 and some mirror symmetries with respect the xy plane is lowered by the electric field. We show that temporal changes of D(t) enable (A) to initialize spins from the singlet ground state to one of the triplet states, (B) to rotate two spins in the opposite directions, and (C) to rotate two spins in the same direction, which are schematically shown in Fig. 2 . Combining (B) and (C), we can construct the single-spin rotation.
First of all, we investigate the time-evolution operator U (t) within the perturbation theory in the DM interaction since it is usually smaller than the exchange coupling J. Up to the first-order perturbation in H ′ , it is given by
in which
denotes the perturbation Hamiltonian in the interaction picture, and we puth = 1. Note that the time-ordered product T in front of the exponential operator is absent in the first-order approximation. To obtain H ′ I (t), we solve the equation of motion. Two spins obey
Hence we can explicitly obtain
, and |0 = (|↑↓ − |↓↑ )/ √ 2 is the singlet state, while |1 = |↑↑ , |2 = (|↑↓ + |↓↑ )/ √ 2, and |3 = |↓↓ are the triplet states. It is noted here that the matrix elements of the DM interaction connect the singlet and a linear combination of the triplet states. Considering that the Hilbert space of the triplet states has four real degrees of freedom (= 2×3−2 corresponding to the normalization condition and the overall phase factor), the three real coefficients D of the DM interaction appear to be not enough. This is true if we assume that D is independent of time, but once we design the time dependence of D(t), we can connect the singlet |0 with any linear combination of |1 , |2 , and |3 .
Let us consider initialization |0 → |1 . For this purpose we take D ini (t) = D(− sin Jt, cos Jt, 0) and put t 0 = 2π/J in Eq. (4), which makes the first factor e −iH0t in Eq. (2) unity, i.e., e iJt0 = 1 leading to
When we start from the singlet state, this is a simple two-level problem,
Integer n is determined by the condition nπD/ √ 2J = π/2, which gives −i|1 . This is asymptotically exact in the limit of D/J → 0 and n → ∞, and we show in ±ŷ, and the bottom ones (e) and (f) represent the two-spin rotations around the x axis by π/2 corresponding to s 1/2 ŷ. The relaxation effect is not included.
order terms solving the equation of motion of the density matrix ρ(t). The quantum states show oscillatory behavior in the time scale corresponding to the exchange interaction J, and approach to the predicted states from the first-order perturbation as n increases, in other words, as D/J decreases. It is shown that the fidelity error defined as
is already of the order of 10 −3 for n = 4. Here ρ is the calculated density matrix of the final state, i.e., t = nt 0 = √ 2π/D, while ρ ∞ is that of the desired pure state shown in the righthand side of the arrows in Fig. 2 . As seen from Fig. 3(b) , the fidelity error is proportional to 1/n 2 as expected. This means that the conversion between the singlet and triplet can be manipulated very effectively by the DM interaction.
Next we construct the two-spin rotation in the opposite directions. Let us consider the rotation around the x axis since the same applies to that around the y and z axes. Here we take
which rotates two spins around the x axis by ±θ = ±nπD/2J. The results of the numerical simulation for finite n with nπD/2J fixed at π/2 are shown in Figs. 3(c) and 3(d). Again the fidelity error is less than 10 −2 even for n = 4, which decreases as ∝ 1/n 2 . The two-spin rotation in the same direction is the most nontrivial. We define the unitary transformations
achieved by D α (t) = −Dx α cos(Jt + ϕ) (x α = x, y, z) up to the first order in D/J. When we take the "magic angle" ϕ = π/6, we obtain the following composite operator from
in which we apply the Baker-Campbell-Hausdorff formula
This is two-spin rotation around the x axis by θ = n(πD/2J) 2 . The rotation around the y and z axes can be obtained by cyclic permutation. In deriving Eq. (7), it is necessary that the second-order correction cancels. Up to the second-order perturbation, Eq. (2) is modified to
The second-order correction, which is proportional to
exactly vanishes at ϕ = π/6. As the result, Eq. (7) holds up to the second-order perturbation. Namely, it is asymptotically exact in the limit of D/J → 0 and n → ∞ with n(D/J) (6) and (7), we can implement any single-spin rotations. In Fig. 4 , we demonstrate rotation of spin 1 around the x axis by π/2 with use of U vector, while the latter needs the y and z components. Thus three components are required to implement single-spin rotations around one axis.
The read-out process can be also designed by the DM interaction, which connects the singlet and triplet states. This is achieved by the transformation from (N 1 , N 2 ) = (1, 1) to (0, 2) to measure the singlet probability P 0 . Here N i = 0, 1 be the electron number at ith dot. One can always measure the probability of singlet P 0 by shifting the gate voltage to transform (N 1 , N 2 ) = (1, 1) to (0, 2).
4 By tuning the timedependence of D(t), one can make the situation that the singlet |0 is coupled to an arbitrary linear combination of the triplet states, called |T . The time evolution within this twodimensional Hilbert space spanned by |0 and |T can exchange the component of |0 and |T by some rotation of the angle π. From P 0 after this rotation, one can measure the probability P T of |T .
III. EFFECT OF RELAXATION
We choose the integer n to satisfy n(D/J) = const. for (A) and (B), and n(D/J) 2 = const. for (C) to set angles. There is a trade-off because the DM interaction D/J is assumed to be small to validate the perturbation theory, while we cannot set larger nt 0 than the relaxation time. To substantiate this consideration by explicit calculation, we employ the standard boson-bath model to the relaxation. The spin-boson interaction is described as
is a fluctuating field from nuclear spins. Here a iαn is a bosonic operator whose motion obeys the Hamiltonian
After the Born-Markov approximation and dropping irrelevant terms, we obtain the equation of motion of the density matrix as
in the Schrödinger picture. To evaluateΓρ, we use
in which we define the boson distribution function n(ω) = (e βω − 1) −1 with the inverse temperature β, and
is the bath spectral function. After straightforward calculations, we get
in the singlet-triplet basis. Here n 0 = n(0) and n 1 = n(J) while A 0 = A(0) and A 1 = A(J). For simplicity, we neglect the directional dependence of the spectral function, i.e., A iα = A. errors have minimum at a certain n because the contribution from relaxation is ∝ n while the discretization error decreases as ∝ 1/n 2 or ∝ 1/n. Especially the two-spin rotation in the same direction is greatly affected since it contains four unitary transformations and its fidelity error due to the higher-order perturbation decreases as O(n −1 ). To neglect the effect of relaxation, the relaxation time T must be longer than
IV. DISCUSSION
Finally we discuss the realistic setup of our proposal in semiconductors. The most serious problem is the relaxation of electron spins. The origin of relaxation is mainly the hyperfine interaction with nuclear spins. The effective field hγ e B nuc is typically 50neV (Ref. 18 ) and the relative magnitude J/hγ e B nuc is a crucial parameter to control the relaxation time. In a GaAs double quantum dot, this value is 3-10, and the singlet correlation decays on a time scale 10ns. 18 On the other hand, in the case of the singlet-triplet relaxation time of the two-electron system in a single quantum dot, where the splitting is about 1meV and much larger thanhγ e B nuc , the hyperfine interaction is not effective, and hence the T 1 ∼ T 2 ∼ 0.2ms. 19 Therefore it is essential to increase J and to increase T 1 , T 2 . An encouraging theoretical analysis gives an estimate of J ∼ 1meV in coupled quantum dots, 20 and also the vertical quantum dots as shown in Fig. 1 might enhance J compared with the horizontal dots.
Another problem is the order of magnitude of the DM interaction generated by the electric field. According to Nitta et al., 13 the Rashba constant can be modified from λ = 0.64 × 10 −11 eVm at the gate voltage V g = 1.5V to λ = 0.92 × 10 −11 eVm at V g = −1.0V. This suggests that it can be modified by 1.12meVnm per 1V. With the typical distance between two dots used in Ref. 20 , 2d = 28nm, the SOI is estimated as ∆ = 2(π/2d) × 1.12 = 0.25meV at V g = 1V.
The ratio D/J ∼ ∆/t can reach the order of 0.1.
Under strong electric field, we may worry about the breakdown phenomenon. However, charge transfer between two dots hardly occurs except at the resonance since the energy levels of dots are discrete. In addition, the typical time scale of charge transfer is of the order of 100ns according to Ref. 4 , which is much longer than that of the operations we discuss, nt 0 ∼ 0.5ns. Therefore we expect that charge transfer can be neglected.
In summary, we have proposed the purely electric manipulation of qubits in the double quantum dots in terms of the Rashba and DM interactions which are modulated by the timedependent voltages. This idea might be useful also for the control of macroscopic magnetization in the dilute magnetic semiconductor, which is an issue left for future investigations.
